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ABSTRACT

This paper considers the control of a single-link flexible-joint robotic malaipr subject to actuator
saturation. Several alternative controllers are proposed and caartpamee found in literature. In particular,
a controller with proportional and derivative components is guaranteptide a total torque less than a
chosen value thereby disallowing actuator saturation. Itis shown thguglibeum point of the closed-loop
system is asymptotically stable. Additionally, it is shown that the controllersodmest to modelling errors.
Finally, this paper presents experimental results demonstrating the pdogwseol architecture.

Keywords: proportional derivative control; saturation avoidance; flexible-joinhipalator.

LE CONTROLE PROPORTIONNEL DERIVE SATURE D'UN MANIPULATEUR A JOINT
FLEXIBLE

RESUME

Ce papier, considere le contréle d’'un manipulateur robotique a joint flegiljet a la saturation d'ac-
tuateur. Plusieurs contrbleurs alternatifs sont proposés et comparésantréleur dans la litérature. En
particulier, un controleur avec une portion proportionnelle et une podésivée, qui garanti un moment
de torsion total moins qu'une valeur spécifiée. Il est démontreé qu’im @@quilibre du systéme a cir-
cuit fermé est asymptotiquement stable. En plus, il est attesté que les corsti€d@t robustes aux erreurs
de modélisation. Finalement, ce papier présente des résultats expérimantilustoent I'application des
contrdleurs proposeés.

Mots-clés : contrble proportionnel dérivé ; I'évitement de saturation ; manipulateunéf]jexible.
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1. INTRODUCTION

Robot manipulators are used in many branches of manufacturing fordasksas robotic welding and
automated assembly. The flexibility of manipulator joints is often left unmodellediacahtrolled, leading
to performance limitations [1, 2]. This flexibility is caused by the gears and bsdtd to transmit the torque
produced by the actuators to the links [2]. Often the natural frequen€igese joints are relatively low
(2— 3 Hz), which coincide with the frequency of the trajectory being followed;ihg the operator to wait
for any vibrations to decay naturally [3]. Moreover, in large robotic makaitors, such as the Canadarm,
even a relatively small joint flexibility can cause significant vibrations at thaipugator tip, which is
highly undesirable. Several authors have investigated the modelling atablicof flexible-joint robotic
manipulators using widely varying techniques [4-8].

Actuator limitations also become a factor when controlling flexible-joint roboticipudators. Power-
ful motors are generally large and heavy which is undesirable; the seuleaass of the system results in
increased power requirements, as well as possible performance limité@jorfof this reason, somewhat
smaller or at least modestly sized motors are used in practice, resulting in limitedojajoes. As such,
avoiding actuator saturation while simultaneously assuring asymptotic stabilitg afdked-loop equilib-
rium pointis of great interest. In the context of robotic manipulators, uarauthors have studied saturation
avoidance [10-12]. Spacecraft attitude control accounting for mtgaturation has also been investigated
in [13-15]. In particular, in [13] a simple proportional derivative (R§¥)e control law that explicitly ac-
counts for actuator saturation is presented.

The novel contribution of this paper is adopting and building upon [13]dsighing and analyzing PD
control laws specifically for a single-link flexible-joint robotic manipulatgoeSifically, four PD controllers
will be considered that disallow actuator saturation and simultaneouslyrgearasymptotic stability of
the equilibrium point of the closed-loop system. Additionally, experimental &abd of the proposed
controllers will be performed, and they will be compared to an existing ctetfound in the literature.

The remainder of this paper is as follows. In Section 2 the dynamics of &rdaéexible robotic manipu-
lator are derived. In Section 3 the proposed controllers are presamtieshown to be asymptotically stable,
even in the presence of parameter uncertainty. Section 4 presentsrexpal results, thus validating the
proposed controllers, and some final remarks are given in Section 5.

2. SYSTEM DYNAMICS

Consider the single-link flexible-joint robotic manipulator shown in Fig. 1. Kimetic and potential
energies, as well as the Rayleigh dissipation function, respectively are

T =34"Ma,
U=39"Kqg,
R=39'Dag,

whereM =M T > 0 is the system’s mass matrit,= KT > 0 is the system’s stiffness matrig,= DT > 0

is the system’s damping matrix, aad= [6 a]T is the generalized coordinate of the system. The angle
0 is the angle of the base hub relative to a fixed inertial frameaiglthe angle of the manipulator link
relative to the base hub. Using a Lagrangian approach, the equatioriofi can be found to be

Mg +Dd+Kq = bre, 1)
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Fig. 1. Schematic of a flexible-joint.

whereb is the matrix that distributes the applied torque to the systentaisdhe torque input to the system.
The mass, stiffness, damping, and input matrices of our system are

|t B (00 _{di O ~ |1
e A L N LR I B B

whereJ;, J, are the moment of inertias of the manipulator hub and link respectkegythe torsional spring
constant between the hub and link, afidd, are the damping coefficients of the hub and link respectively.

3. CONTROL FORMULATION

3.1. Control Law
Consider the following PD control law:
TC - UP+ Ud7
whereuy, is proportional control andy is derivative control. The authors of [11] propose using=
—kparctar{@) anduy = —kgarctarfw), where6 is the joint angle ando = 8 is the angular velocity of

the joint. This ensures that.| < kp + kg, thereby avoiding actuator saturation. For the attitude control of

spacecraft, the authors of [13] propose using proportional ariatige control similar taup = —kpli'ipz

andug = —kgtanh w), wherep = tan(6/2) is a Gibbs parameter. This paper proposes adapting the work of
[13] to be used to control a single-link flexible-joint robotic manipulator, all as introducing alternative
control laws.

To motivate the structure the proposed controller, recall that the Giblasneser,p € R3, is related to
Euler axis/angle variables by

p=atan(6/2). (2)
The relationship between the angular velocity and the time rate of change®itthe parameter is [16]
p:%(1+px+pr> w. (3)
Considering only rotation about a single axis, Egs. (2) and (3) simplify to
p=tan(6/2), (4)
p=1(1+p) w (5)
These properties will assist in the selection of alternative control lawsngmaving stability.
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The one-link flexible-joint robotic manipulator presented in Section 2 rotddesta single axis, which
allows the work of [13] to be adapted in the following way. Fitgt,andug are specified as

up:_kpf(p)> (6)

Ug = _kdtanl’(w)a (7)
wheref (x) = ﬁ pis a Gibbs parametrization of the joint angleNote that bothf (p) and tanliw) are
bounded by -1 and 1, which constrains the torque of the actuator to baéesthe sum ok, andky, that is
|Tc| < Kp+kg. This property ensures actuator saturation is avoided, as lokgarslky are chosen to add

up to less than the maximum torque that the actuator can apply.
An alternative control formulation is

Up = —kpf(6/2), 8)
= —kqf(w). (9)
Egs. (8) and (9) are slight variations of Egs. (6) and (7), wipdsareplaced byd /2 and tankw) is replaced

by f(w).
The four proposed control laws to be investigated are

—Tc = kpf(p)+kdf(w), (10)
—Tc = kpf(p)+kgtanhw), (11)
T = kpf(6/2) +kaf(w), (12)
—Tc = kpf(0/2)+kytanhw). (13)

Note that8/2 is used to match the linearization pf= tan(6/2) about6 = 0 deg. A comparison of
the relative control effort supplied by each option is presented in Figrh2 function2 arctan{n@/4) is
included in Fig. 2 to serve as a comparison to a controller found in literatdie The factor& andr/4
were added to the arctan function in order to also match the linearizatipp-a¢én(0/2) aboute 0 deg.

1
0.5
<
= 0
— f(0/2)
-0.5 v f(p) I
- K = = =tanh(0/2)
ﬁ == Zarctan(rf/4)
- —150 -100 -50 0 50 100 150
6 (deg)

Fig. 2. Relative control effort versua
Fig. 2 serves as motivation to udép) for proportional control, due to its nonlinearity and relative
aggressiveness further away frdin= 0 deg. This larger relative control effort should allow the controller
to drive the system to the desired equilibrium quicker.
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3.2. Stability Analysis
We will now consider the closed-loop stability properties of the manipulatengiv Eq. (1), and the four
control laws given in Egs. (10) to (13), each of which disallow the pd#gibf actuator saturation when the

gainskp andky are chosen appropriately. The control laws given by Egs. (10) Ehdwill be considered
first.

Theorem 1.The dynamics of the single-link flexible-joint robot found in Eq. (1) on thedin—m< 6 < T,
—nm<a<T, 0 eR, ac Rtogether with the control laws given by Egs. (10) and (11) render thidilgdgum
point (q,q) = (0,0) of the closed-loop system asymptotically stable.

Proof. First, note that it can be easily shown using Eq. (1) and either Eq. (3.0{11) thatq,q) = (0,0)
is in fact an equilibrium point of the closed-loop system. Next, consideryapunov function candidate:

. . 1

Taking the derivative o¥ and simplifying using Egs. (1) and (5) yields

vV = %(qTMq+qTMq)+%(qTKq +qTKQ>+2kp(1+ppg)3/2
— quq+qTKq+2ka
— qT(Mq+Kq)+ka%p2
= quTc—qTDQ+kp\/%p2
- _qTDq+w<—kp 1Iip2 kdh(w)>+kp\/%p2

= —4'Dg-kgh(w)w,
whereh(w)w = \/1‘%)2 when using Eq. (10), anld{w)w = wtanhw) when using Eq. (11). Owing to the
fact thatV is negative semidefinite, the closed-loop system is stable. To show that sleel-¢tmp system is
asymptotically stable we will employ LaSalle’s Invariant Set Theorem [16}idé thaty =0 only if=0
(becaus® is positive definite), which implies thgt= 0 and1; = 0. From LaSalle’s Invariant Set Theorem
it follows that the equilibrium pointq, q) = (0,0) is asymptotically stable [17]]

Theorem 2. The dynamics of the single-link flexible-joint robot found in Eq. (1) on tbedin—mr< 6 <,
—nm<a <0 eR, ac Rtogether with the control laws given by Egs. (12) and (13) render thidilgdgum
point(q,q) = (0,0) of the closed-loop system asymptotically stable.

Proof. First, note that it can be easily shown using Eq. (1) and either Eq. (B).0(13) thatq,q) = (0,0)
is in fact an equilibrium point of the closed-loop system. Next, consideryapunov function candidate:

V= %qTMqu%qTKq +Kp <\/1+(6/2)2—1> )
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Taking the derivative o¥ and simplifying using Egs. (1) and (5) yields

- T Ty . . 6/2
V = 3(g"™™Mg+a"™™§) + 3 (a"Kg +9"Kq) +kp——te—
(@Ma+a"Ma) 4 (67Ka +a"Ka) e
——— 6/2
— 4T (MG+KQq) +kp——e—w
Q" (MG+Kq)+kp 17027
Ten aTe 6/2
— 4"bTc—q"Dg+kp— e
APt AT T (6/2)2

_ 02 e )42
V1+(6/2)? "1+ (6/2)?2

whereh(w)w = \/1‘127 when using Eq. (12), anld(w)w = wtanh w) when using Eqg. (13). Owing to the

fact thatV is negative semidefinite, the closed-loop system is stable. To show that sieeldtmp system is
asymptotically stable we will employ LaSalle’s Invariant Set Theorem [18}id¢ thatv = 0 only if § =0
(becaus® is positive definite), which implies that= 0 andt, = 0. From LaSalle’s Invariant Set Theorem
it follows that the equilibrium pointq, @) = (0,0) is asymptotically stable [17]]

Note that this stability analysis holds for any numerical system parametexsded thatD = DT > 0
is positive definite, ensuring the controllers are robust to modelling erfssuming thaD = D' > 0 is
positive definite is reasonable since there will always be some residttadririn the flexible-link system.

4. EXPERIMENTAL RESULTS

The proposed controllers are now validated experimentally by testing themodery flexible-joint exper-
imental testbed built by Quanser Consulting Inc [18]. The testbed has manelues of); = 2.08 x 102
(kg-m?), J» = 3.28x 1073 (kg-m?), ks = 1.3 (N-m/rad),d; = 4 x 103 (N-m/(rad/s)), anddy = 1 x 106
(N-m/(rad/s)). The base of the flexible joint is fixed, while the hub and link aged by an anglé and
a respectively. All control laws were tested on the nominal system and tierlped system, as shown in
Fig. 3. The perturbed system has a link inertia that is approximately 22 %egitban that of the nominal
system.

(a) (b)

Fig. 3. (@) Nominal and (b) perturbed experimental systems.

4.1. Set-Point Regulation

A step input of 90 degrees was given as a set point to the controllerese tiestk, = 0.6 (N-m) and
kg = 0.15 (N-m), which guaranteelg;| < 0.75 (N-m). In Fig. 4 is thed versus time responses for the four
proposed controllers. In Fig. 5 are tBeanda responsesy,, the applied proportional torque, angl, the
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applied derivative torque versus time for all proposed controllers andiroller found in [11]. Note that the
functionsg(6/2) andg(w) in the legend of Fig. 5 represent arctafd /4) and arctafriw/2) respectively.
In Fig. 6 are thed anda responsesy, versus time, andy versus time of the perturbed system.

100

80 f« ™ 80 / i
/ /
/

40
20 / —kpf(p) +kaf(w) 20 | —kpf(0/2) + kaf ()
““““ ]‘gpf(p) + k:‘d tanh (w) kpf(0/2) + k‘d tanh(w)

100

[e2]
o

0 (deg)
3
\
0 (deg)
5

% 0.5 1 15 2 % 0.5 1 15 2
Time (s) Time (s)
@ , , (b)
Fig. 4. 6 versus time.
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: \ -
Z o2
,
3
0.1
0 N ’
-01 -0.15 e’
0 0.5 1 15 2 ) 0.5 1 15 2
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Fig. 5. Nominal system experimental set-point regulatesuits: (a)d versus time, (b} versus time, (clp versus
time, and (dug versus time.
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Fig. 6. Perturbed system experimental set-point regulatisults: (a)p versus time, (bjx versus time, (cli, versus
time, (d)ug versus time.

4.2. Trajectory Tracking
Trajectory tracking will now be considered. Consider the following delsiaectory, which can be found
by interpolating a fifth order polynomial to satisfy a set of boundary conutio

Bu(t) = [10(&)3—15@)4%(&)1 (6:—8)+6, (14)

where®; is the initial position off, 6; is the final position o®, andt; is the time required to move from

6 to 6. This desired trajectory in Eq. (14) was input to the various controlletsdess a reference input.
Values of6 = 0 deg,6; = 90 deg and; = 1 second were used during the experiments. The controllers
were tuned t&, = 1.7 (N-m) andky = 0.05 (N-m), which guarantegs.| < 1.75 (N-m). Note that although
experimental trajectory tracking results are presented, the asymptotic stabdity controllers subject to

a tracking input has not been proven. In Fig. 7 is éhanda response of the system, as welligsandug
versus time. Figure 8 shows the same information for the perturbed systéenthidbFigs. 7 and 8 use the
same legend presented in Figs. 5 and 6 with the addition of the desired trigeatdrigs. 7(a) and 8(a).

4.3. Discussion

The results of the experimental tests show that the proposed controllexgebguite similarly to an ex-
isting controller taken from [11], which was also used for saturation avaid. As expected, the controllers
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Fig. 7. Nominal system experimental tracking results:agrsus time, (bjx versus time, (clp versus time, (dyg
versus time.

that are shown to be more aggressive in Fig. 2 do result in more oveiighthe set-point experiment, while
having a slightly shorter settling time. In the tracking experiments the controlésfs glmost identical
system responses. The joint angle was never more than 20 degreefs@wahe trajectory it was tracking,
which meant all controllers were within the linear region betwe@® deg< 6 < +20 deg seen in Fig. 2
where all controllers are identical, which explains the almost identical restiiares 5(d), 6(d), 7(d) and
8(d) show that not all controllers allow the actuator to fully saturate. It ise@steng to note that although the
controllers provide relatively different derivative control, the systesponses are quite similar. The use of
the functionf (x) in the control architecture is attractive, since it is computationally easier to wutentipan
tanh(x) or arctarix), while maintaining a similar system response.

5. CONCLUSIONS

This paper has investigated the control of a single-link flexible-joint roboAoipulator using various
controllers that assure actuator saturation avoidance. Moreovers ilveavn that the proposed controllers
render the desired equilibrium point of our closed-loop system asympipt&table. The experimental
results suggest that the proposed controllers perform similarly to satueattdgdance controllers found in
literature, but this may not necessarily be true in all conditions. It is alsthwoentioning thatf (x) is
computationally easier to compute than teflor arctarix), which is crucial in robotic applications with
limited computational hardware.
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Although this paper dealt with a one-link flexible-joint robotic manipulator, thisutdd be extended in
future work to include multi-link robotic manipulators. Such an extension wollbgvahe proposed con-

trollers to be implemented on a wide range of robotic manipulators.

140
/“\ ‘‘‘‘‘‘
120

100 l
80 Y

10

5
B
< 0
S

-5
/ | ----- Desired Trajectory \/
= ; : -10

0 0.5 1 15 2 0 0.5 1 1.5 2
Time (s) Time (s)
() (b)
0.3 0.1
0.2 /A 0.05 Q
= 01 T o0 v dace
< \ = ’
= 0 ,/-\ = -0.05
-0.1 \/ -0.1
-0.2 -0.15 ot
0 0.5 1 15 2 0 0.5 1 1.5 2
Time (s) Time (s)

() (d)

Fig. 8. Perturbed system experimental tracking resul}sd {gersus time, (bj versus time, (cyip versus time, (dyg
versus time.
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