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Abstract: The three-points-on-three-lines problem,
a direct kinematic analysis paradigm for the spatial
double triangular parallel manipulators(RAAPM), can
be solved by intersecting three mutually orthogonal
cylinders in the parameter space. The minimum so-
lution is found to be of order 8, however only 2 of the
8 resulting poses lie within the workspace.

1. Introduction

The novel double triangular(AA) architecture was pro-
posed and studied in depth by Daniali [1],...,[3] to
provide for applications which require fast, precise mo-
tion. The conceptual model of this novelty, as shown
in Fig. 1, consists of a pair of general or degenerate
triangles placed one on top of the other. The upper is
moved by sliding the edge pair intersection points along
the three fixed edges. This arrangement provides legs
of essentially zero length and hence allows quick and
accurate positioning without problems associated with
long, slender legs.
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Figure 1. Conceptual Model of RAAPM

The direct kinematic problem, as shown in Fig. 2,
is solved by placing three points (the joint inputs
R;,i = 1,...,3) on the corresponding edges of the
moveable triangle (Q;,7 = 1,...,3), which assumes the
role of temporary fixed frame. This is the so called
three-points-on-three-lines problem. The final pose of
the moveable triangle can then be determined by re-
verse displacement of the joints back to its original po-
sition on the fixed triangle.
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Figure 2. Kinematic Model of RAAPM

2. General Solution

The coordinate system for this problem is chosen so
that lines Q¢ and Q; intersect the z-axis at z = =a,
respectively. Furthermore Q5 is placed on the plane
x = bz. All this can be done without violating rigid
body properties of the frame which contains these lines.
The equations of the three edges of the moveable spa-
tial triangle Q with skew edges Qp, @1 and Qa, can
be written parametrically by using scalar variables u, v
and w
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The problem is solved by noting that the joint triangle
vertices (Rg, R1 and R») must be placed on respective
sides of Q, with their respective opposite sides of known
length r9,r; and ro. Three sphere equations can be
written as follows:

The first sphere, radius r2 centered on Qg, intersects
Q; at two points Q1, and Q1. The equation can be

written as
1(Q1 = Qo)II> =75 =0 (1)

Step 2 requires the construction of “second spheres”
with radius 7o centered on points Qi;,4 = 1,2, which



intersects Q5 at four points Qs;, and Qs;,. The equa-
tion can be written as

1(Q2 = Qu)IP =715 =0 (2)

Finally, the “third sphere”, radius 1 centered on Q,
must also intersect Qs at the points Qs;;,7,5 = 1,2 in
order to form a compatible joint triangle. The equation
can be written as

1(Q2 = Qo) = =0 3)

Since Egs. (1), (2) and (3) are quadratic in (u,v),
(v,w) and (u,w) respectively, geometrically the three
equations are three mutually orthogonal cylinders of
conic section in the parameter space (u,v,w). The so-
lutions of this system of equations are the intersections
of the three cylinders. A univariate in u can be ob-
tained by first solving for v = v(u) and w = w(u) using
Egs. (1) and (3), then back substitute into Eq. (2) will
produce an eighth order univartate in wu.

3. Special Case: The Conical AAPM

Aside from the planar AAPM, which has a quadratic
univariate forward kinematic solution, there is at least
one other special variant of 3dof AAPM that has a
forward kinematic univariate of less than eight. In this
case all three straight lines of the moveable triangle
intersect at a common point. One sees architecture of
‘fh]is type in at least one existing manipulator design
6].

A Problem in Statics

Many years ago Jack Philips posed the problem con-
cerning how a rigid body, supported on three strings,
attached to three given points on the body and an-
chored at three given points, would hang [4],[5]. Notice
that the solution to this problem is identical to that of
the conical AAPM forward kinematics.

Formulation
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Figure 3. The Hanging Box Problem

Upon examining Fig. 3 one sees the hanging box-three
point hitch configuration where the applied force is
concentrated to act through G, while being sustained
by three components acting along GA'A,GB'B,GC'C.
The string-tiebars span A’A, B'B,C'C. Whether deal-
ing with the conical AAPM or the hanging box, the
problem is set up in the simplifying plane shown by
applying the tetrahedron OA'B'C’ such that O is on
the origin, A’ is along the z-axis and B’ is on the plane
2=0. Parametrization is similar to that adopted for the

general spatial AAPM. The position vectors @, g,é’ of
points A, B, C can be written in terms of the origin-to-
point parameters u, v, w.
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Using the method as described for the general case,
will yield an eighth order univariate in » that contains
only even powers. Therefore the conical AAPM DK
problem is a fourth order univariate in 2. Numerical
trials show that only 2 of the 8 solutions lie within the
workspace (tetrahedron OABC).

a=u

4. Conclusion

e The three-points-on-three-lines formulation can be
used to solve the direct kinematic problem of spa-
tial parallel manipulators as well as problem in
statics.

e In general, the minimum solution for the problem
is a univariate of order eight. In the special case
when the three edges intersects at one point the
eighth order univariate contains only even powers.

e Only 2 of the eight solutions lie within the
workspace. This observation provides insights in
the analysis of the spherical AAPM.
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