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1. Introduction

Comparedwith serial mechanismsparallel mechanisms
have potentiallyhigherprecision,greaterstructuralrigidity,
higher speedand accelerationand larger capacity There-
fore, they have receved increasedinterestfrom both re-
searcherandindustries.They areusedfor flight simulators,
pointing devices,andmorerecently for Parallel Kinematic
MachinegPKMs).

In this paper a spatial3-dof parallelmechanisnwhich can
be usedin several applicationsincluding machinetools is
proposedandthekinematicanalysiswith the consideration
of link flexibility is conducted. A kinetostaticmodelof the
3-dof parallelmechanisimis thenestablishedand analyzed
usingthe lumped-parametanodel. This modelcanbe ex-
tendedfor optimaldesignandcontrolof PKMs.

2. Geometric Modeling and I nver se Kinematics

As representedn Figure 1, the spatial three-dgree-of-
freedommechanisnconsistsof four kinematicchains,in-
cluding three variable length legs with identical topology
andonepassie constrainingeg, connectinghe fixed base
to a moving platform. In this 3-dof parallel mechanism,
thekinematicchainsassociateavith thethreeidenticallegs
consist— from baseto platform— of afixedHookejoint, a
moving link, anactuatedprismaticjoint, a moving link and
a sphericaljoint attachedo the platform. The fourth chain
connectingthe basecenterto the platform centeris a pas-
sive constrainingleg and hasa differentarchitecturefrom
the otherthreeidentical chains. It consistsof a prismatic
joint attachedo the base,a moving link anda Hooke joint
attachedo the platform. This lastleg is usedto constrain
themotionof the platformto only threedegreesof freedom.

Thelumpedcompliancemodeldescribedn [1] will beused
to establisha simplekinetostatiomodelfor this mechanism.

Figure1: CAD modelof the spatial3-dof parallelmecha-
nismwith prismaticactuators.

3. Inverse Kinematics

In this 3-dof mechanismonly threeof the six Cartesiarco-

ordinatesof the platform are independent.In the present
study the independentoordinateshave beenchosenfor

corvenienceas(z, 842, 643), wheref sz, 6,3 arethejoint an-

gles of the Hooke joint attachedto the platform and z is

theheightof theplatform. In orderto solve theinversekine-

maticproblem,onemustfirst considethe passve constrain-
ing leg asaserial3-dof mechanisnwhose3 Cartesiarcoor

dinatesare known, which is a well known problem. Once
the solution to the inversekinematicsof this 3-dof serial
mechanismis found, the completepose(position and ori-

entation)of the platform canbe determinedisingthe direct
kinematicequationdor this serialmechanismTheinverse
kinematicproblemfor the parallelcomponenbf the 3-dof

platformcanbewritten as

p; = (p;i —b;))" (pi — by),

wherep; is the positionvectorof point P; (verticesof the
moving platform) expressedn the fixed coordinateframe
whosecoordinatesare definedas (z;, y;, 2;), b; is thever
ticesof thebasein the Cartesiarcoordinate p; is thelength
of theith leg, i.e. thevalueof theith joint coordinate.

i=1,2,3 (1)

4, Jacobian Matricesfor parallel components

After consideringheparallelcomponenbf themechanism,
therelationshipbetweenCartesiarvelocitiesandjoint rates
canbeobtainedby eq.(2).

At =Bp )

5. Jacobian Matricesfor serial components
Rigid Model

For the passve leg with rigid links, one can obtain the
Denavit-Hartenbeg parametersthen, one hasthe velocity
equation

Ji0,=t (3)

Compliant Model

In this section,the equationdor all the threeidenticallegs
arethesameasin therigid model,we only needto studythe
passve constrainindeg with virtual joint.

From Figure 2, one canobtainthe Denavit-Hartenbeg pa-
rametersAnd, we havethevelocity equatiorusingthesame
methodasfor therigid links.

JI4 9.,4 =t (4)



Figure2: The passie constrainingeg with flexible links.

6. Kinetostatic Models

Accordingthe principle of virtual work, onehas
Tp=wlt (5)

wherer is the vectorof actuatorforcesappliedat eachac-
tuatedjoint andw is thewrench(torqueandforce) applied
to theplatformandwhereit is assumedhatno gravitational
forcesacton ary of theintermediatdinks.

With egs.(3) and (2), onehas

TI'B1AJ,0, = w0, (6)

Thelatter equationmustbe satisfiedfor arbitrary valuesof
0, andhenceonecanwrite

(AJ)"B Tr=3,"w (7)

The latter equationrelatesthe actuatorforcesto the Carte-
sianwrench,w, appliedat the end-efectorin staticmode.
Since all links are assumedigid, the complianceof the
mechanisnwill beinducedsolely by the complianceof the
actuatorsAn actuatorcompliancematrix C is thereforede-
finedas

Cr=Ap (8)

where Ap is the inducedjoint displacement.Matrix C is
a (3 x 3) diagonalmatrix whoseith diagonalentry is the
complianceof theith actuator

Now, eq.(7) canberewrittenas

r=BT(AJ) T3, w (9)
The substitutionof eq.(9) into eq.(8) thenleadsto
Ap=CBT(AJ) T3, w (10)

Moreover, for a smalldisplacementector Ap, eq.(2) can
bewrittenas
Ap~B1AAc (12)

Similarly, for smalldisplacementginehas
J1A04 ~ Ac 12)

whereA@d, is avectorof smallvariationsof the joint coor
dinatesof theconstrainingdeg.

Substitutingeq.(11) into eq.(10), onegets
B 'AAc=CBT(AJ) TI]w (13)

Premultiplyingbothsidesof eq.(13) by B, andsubstituting
eg.(12)into eq.(13), oneobtains,

AJ,A8, =BCBT(AJ,) TITw (14)

Then, premultiplying both sidesof eq. (14) by (AJ4) 1,
oneobtains,

A9, = (AJ)'BCBT(AJ)TI]w  (15)

andfinally premultiplyingboth sidesof eq.(15) by J4, one
obtains,

Ac = J4(AJ,)'BCBT(AJ,)TI]w  (16)

Hence,the compliancematrix for the rigid model can be
written as

C.=J4(AJy)'BCBT(AJ,)"TJT (17)

whereC = diag[cy, ca, c3], With ¢1, ¢c; andeg the compli-
anceof the actuatorsand J, is the Jacobianmatrix of the
constrainindeg in this 3-dof case.

Similarly, with the principle of virtual work, onecanwrite

wit =110 +77p (18)

where T, is the vector of joint torquesin the constraining
leg. The stiffnessmatrix for the mechanismwith flexible
links canbefinally writtenas

K=[J)"K,JI) '+ ATBTK,;B~'A] (19)

with
K = diag[ka1, ka2, k43,0,0,0] (20)

wherek,:, k42 andk,s arethestiffnesse®f thevirtual joints
introducedto accountfor the flexibility of the links in the
constrainingleg. The architectureof the constrainingleg
including the virtual joints is representedn Figure 2, and

% is the Jacobiarmatrix of the constrainingeg in this 3-
dof case.

7. Conclusions

A spatial3-DOF parallelmechanisnwith onepassie con-
strainingleg is presentedn this paper The kinematicanal-
ysisof this spatialparallel3-degree-of-freedonmechanism
hasbeenpresented.The Jacobianmatricesobtainedhave
beenusedto establishthe kinetostaticmodelof the mecha-
nism. Finally, the kinetostaticanalysisof the mechanisms
conducted.
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