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1. Introduction

Comparedwith serial mechanisms,parallel mechanisms
have potentiallyhigherprecision,greaterstructuralrigidity,
higherspeedandacceleration,and larger capacity. There-
fore, they have received increasedinterest from both re-
searchersandindustries.They areusedfor flight simulators,
pointingdevices,andmorerecently, for ParallelKinematic
Machines(PKMs).
In this paper, a spatial3-dof parallelmechanismwhich can
be usedin several applicationsincluding machinetools is
proposed,andthekinematicanalysiswith theconsideration
of link flexibility is conducted.A kinetostaticmodelof the
3-dof parallelmechanismis thenestablishedandanalyzed
usingthe lumped-parametermodel. This modelcanbeex-
tendedfor optimaldesignandcontrolof PKMs.

2. Geometric Modeling and Inverse Kinematics

As representedin Figure 1, the spatial three-degree-of-
freedommechanismconsistsof four kinematicchains,in-
cluding threevariable length legs with identical topology
andonepassive constrainingleg, connectingthefixedbase
to a moving platform. In this 3-dof parallel mechanism,
thekinematicchainsassociatedwith thethreeidenticallegs
consist— from baseto platform— of afixedHookejoint, a
moving link, anactuatedprismaticjoint, a moving link and
a sphericaljoint attachedto theplatform. The fourth chain
connectingthe basecenterto the platform centeris a pas-
sive constrainingleg andhasa differentarchitecturefrom
the other threeidentical chains. It consistsof a prismatic
joint attachedto the base,a moving link anda Hooke joint
attachedto the platform. This last leg is usedto constrain
themotionof theplatformto only threedegreesof freedom.
Thelumpedcompliancemodeldescribedin [1] will beused
to establisha simplekinetostaticmodelfor thismechanism.

Figure1: CAD modelof the spatial3-dof parallelmecha-
nismwith prismaticactuators.

3. Inverse Kinematics

In this 3-dof mechanism,only threeof thesix Cartesianco-
ordinatesof the platform are independent.In the present
study, the independentcoordinateshave beenchosenfor
convenienceas �������
	��
����	���� , where�
	������
	�� arethejoint an-
gles of the Hooke joint attachedto the platform and � is
theheightof theplatform. In orderto solvetheinversekine-
maticproblem,onemustfirst considerthepassiveconstrain-
ing leg asaserial � -dof mechanismwhose� Cartesiancoor-
dinatesareknown, which is a well known problem. Once
the solution to the inversekinematicsof this � -dof serial
mechanismis found, the completepose(position andori-
entation)of theplatformcanbedeterminedusingthedirect
kinematicequationsfor this serialmechanism.The inverse
kinematicproblemfor the parallelcomponentof the � -dof
platformcanbewrittenas

� ���� ��� ����� � �"!#��� �$��� � �%�'& �)( ��*+��� (1)

where � � is the positionvectorof point , � (verticesof the
moving platform) expressedin the fixed coordinateframe
whosecoordinatesaredefinedas ��- � ��. � ��� � � , �/� is the ver-
ticesof thebasein theCartesiancoordinate,� � is thelength
of the & th leg, i.e. thevalueof the & th joint coordinate.

4. Jacobian Matrices for parallel components

After consideringtheparallelcomponentof themechanism,
therelationshipbetweenCartesianvelocitiesandjoint rates
canbeobtainedby eq.(2).

021 �43456 (2)

5. Jacobian Matrices for serial components

Rigid Model

For the passive leg with rigid links, one can obtain the
Denavit-Hartenberg parameters,then,onehasthe velocity
equation 7

	98: 	 � 1
(3)

Compliant Model

In this section,the equationsfor all the threeidenticallegs
arethesameasin therigid model,weonly needto studythe
passiveconstrainingleg with virtual joint.
From Figure2, onecanobtainthe Denavit-Hartenberg pa-
rameters.And,wehavethevelocityequationusingthesame
methodasfor therigid links.7$;

	 8:=< 	 � 1
(4)
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Figure2: Thepassiveconstrainingleg with flexible links.

6. Kinetostatic Models

Accordingtheprincipleof virtual work, onehas

> ! 86 �@? ! 1 (5)

where > is thevectorof actuatorforcesappliedat eachac-
tuatedjoint andw is thewrench(torqueandforce)applied
to theplatformandwhereit is assumedthatnogravitational
forcesacton any of theintermediatelinks.
With eqs.(3) and (2), onehas

> ! 3BA�C 0
7
	98: 	 �4? !

7
	98: 	 (6)

The latterequationmustbesatisfiedfor arbitraryvaluesof
8: 	 andhenceonecanwrite

� 0
7
	
� ! 3 A ! > �

7
	 ! ? (7)

The latter equationrelatesthe actuatorforcesto the Carte-
sianwrench, ? , appliedat the end-effector in staticmode.
Since all links are assumedrigid, the complianceof the
mechanismwill beinducedsolelyby thecomplianceof the
actuators.An actuatorcompliancematrix D is thereforede-
finedas

D > �FE 6 (8)

where E 6 is the inducedjoint displacement.Matrix D is
a ( �HGI� ) diagonalmatrix whose & th diagonalentry is the
complianceof the & th actuator.
Now, eq.(7) canberewrittenas

> �J3 ! � 0
7
	�� A !

7
	 ! ? (9)

Thesubstitutionof eq.(9) into eq.(8) thenleadsto

E 6 � D 3 !K� 0
7
	L� A !

7
	 ! ? (10)

Moreover, for a small displacementvector E 6 , eq. (2) can
bewrittenas E 6HM 3 A�C 0 EON (11)

Similarly, for smalldisplacements,onehas7
	 E : 	 M EON (12)

where E : 	 is a vectorof smallvariationsof the joint coor-
dinatesof theconstrainingleg.

Substitutingeq.(11) into eq.(10),onegets

3 A�C 0 EON2� D 3 !P� 0
7
	
� A !

7
!	 ? (13)

Premultiplyingbothsidesof eq.(13)by 3 , andsubstituting
eq.(12) into eq.(13),oneobtains,

0 7 	 E : 	 �43 D 3 !#� 0
7
	
� A !

7
!	 ? (14)

Then, premultiplying both sidesof eq. (14) by � 0
7
	�� A�C ,

oneobtains,

E : 	 � � 0
7
	 � A�CQ3 D 3 ! � 0

7
	 � A !

7
!	 ? (15)

andfinally premultiplyingbothsidesof eq.(15) by
7
	 , one

obtains,

EON2� 7
	 � 0

7
	 � A�C 3 D 3 ! � 0

7
	 � A !

7
!	 ? (16)

Hence,the compliancematrix for the rigid model can be
writtenas

DOR �
7
	 � 0

7
	 � A�C 3 D 3 !P� 0

7
	 � A !

7
!	 (17)

where D �TS &VUXW�Y Z�C���Z � ��Z �\[ , with Z�CL��Z � and Z � the compli-
anceof the actuatorsand

7
	 is the Jacobianmatrix of the

constrainingleg in this 3-dofcase.
Similarly, with theprincipleof virtual work, onecanwrite

? ! 1 � > !	 8:=< 	K] > ! 86 (18)

where > 	 is the vectorof joint torquesin the constraining
leg. The stiffnessmatrix for the mechanismwith flexible
links canbefinally writtenas

^ � Y_�
7$;
	 � A ! ^ 	`�

7$;
	 � A�C ] 0 ! 3 A ! ^Ha 3 A$C 0 [ (19)

with ^ 	 �4S &VUXW�Y b 	 C
��b 	�� ��b 	�� ��cd��cd��c [ (20)

whereb
	 C ��b
	�� and bX	�� arethestiffnessesof thevirtual joints
introducedto accountfor the flexibility of the links in the
constrainingleg. The architectureof the constrainingleg
including the virtual joints is representedin Figure2, and7 ;
	 is the Jacobianmatrix of the constrainingleg in this 3-

dof case.

7. Conclusions

A spatial � -DOF parallelmechanismwith onepassive con-
strainingleg is presentedin this paper. Thekinematicanal-
ysisof this spatialparallel � -degree-of-freedommechanism
hasbeenpresented.The Jacobianmatricesobtainedhave
beenusedto establishthekinetostaticmodelof themecha-
nism. Finally, thekinetostaticanalysisof themechanismis
conducted.
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